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ActionminimizingperiodicorbitsintheNewtoniann-bodyproblem

AlainChenciner

1.Centralconfigurations,homographicmotions,Sundman’sinequality

IshallstartwithacrashcourseinCelestialMechanics,tosetupnotationand
toremindyou,Don,ofyourfirstandeverlasting(mathematical)love.Forthis,I
shallusefreely[2],[8],[9],[10],wheremoredetailsandappropriatereferenceswill
befound.

Equationsandfirstintegrals.AfterusingGalileaninvariancetofixthecenter
ofmass,thephasespaceofthenbodyprobleminIRkmaybeidentifiedwiththe
tangentbundleoftheconfigurationspaceX̂=X\{collisions},

X̂=
{

x=(~r1,...,~rn)∈(IR
k
)
n
,

n∑

i=1

mi~ri=0
}
\
{
x,∃i6=j,~ri=~rj

}
.

OnX,themassscalarproductisdefinedby

x·x′=
n∑

i=1

mi
〈
~ri·~ri

′〉
IRkifx=(~r1,...,~rn),x′=(~r1

′,...,~rn
′).

WeshallidentifythephasespacewiththecartesianproductX̂×Xandweshall
denoteby(x,y)itselements.Theequationsofthen-bodyproblem,writtenby
Lagrangein1777,taketheform

ẋ=y,ẏ=∇U(x),

wherethedotstandsfortimederivativeand∇Uisthegradientofthepotential
function,orforcefunction,U–oppositetothepotentialenergy–definedby

U(x)=
∑

i<j

mimj

|~ri−~rj|
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(wechosethegravitationalconstantequaltoone).Consideredasafunction
U(x,y)onX̂×X,itisinvariantunderthediagonalactionoftheisometrygroup
oftheeuclideanspaceIRk:

R·(x,y)=(Rx,Ry)andR·(~r1,...,~rn)=(R~r1,...,R~rn).

Thesameistrueofthefollowingfunctionsonthephasespace:

I=x·x,J=x·y,K=y·y,H=
1

2
K−U,L=

1

2
K+U.

Thesearerespectivelythemomentofinertiawithrespecttothecenterofmass,
halfofitstimederivative,twicethekineticenergyinaframewhichfixesthecenter
ofmass,thetotalenergyandtheLagrangian.ByaformulaofLeibniz,thefact
thatthecenterofmassisattheoriginimplies

I=
1

∑n
i=1mi

∑

i<j

mimj|~ri−~rj|
2
.

Thesizer=I
1
2oftheconfigurationsisanormonX(inamoredramaticway,

itiscalled“sizeoftheuniverse”in[28],atleastifweforgetamostinfortunate √
2factor:please,Don,forthenextsixtyyears,donotuseanymore2Iforwhat

shouldbecalledI.Sundman’sinequalityissomuchnicerwithoutafactor4!).

ComputingthederivativesḢandÏ,oneprovesimmediatelytheconservationof
energyandtheLagrange-Jacobirelation

Ḣ=0,
1

2
Ï=K−U.

Finally,invarianceunderrotationimpliestheconstancyoftheangularmomentum
bivector

C=

n∑

i=1

mi~ri∧~̇ri,

which,usingtheorientation,canbethoughtofasarealnumber(resp.avector~C)
whenk=2(resp.k=3).Weshalldenoteby|C|thenormofthebivectorC.Let
usrecallthatthesupportofCisanevendimensionalsubspaceofIRk.IfC6=0,it
coincideswiththeambientplaneincasek=2andwiththeplaneorthogonalto
thevectorrepresentingCincasek=3.Foranyk,ifC6=0,theformula(wherewe
identifyIRkwithitsdualviatheeuclideanstructureandCwithanantisymmetric
operatorfromIR

k
=(IR

k
)∗toIR

k
)

IC
(
~r1,...,~rn

)
=

1

|C|
(
C(~r1),...,C(~rn)

)
,or

1

|~C|
(~C∧~r1,...,~C∧~rn)ifk=3,

definesacomplexstructure,thatisanoperatorICwhosesquareis−Identity,
onthesubspaceofXformedbyn-tuples(~r1,...,~rn)witheachcomponentin
thesupportofC(inparticular,itisdefinedonthewholeofXifk=2).The
inequality||IC(x)||≤||x||alwaysholds.WeshallfreelyspeakofICasatrue



          

complexstructureandweshallcallthesetofelementsofthespaceXoftheform
λx+µIC(x)withrealλandµ,thecomplexlinegeneratedbyx.

Twobodies.Afterfixingthecenterofmass,themotionofatwo-bodyproblem
takesplaceonafixedlineifC=0,inafixedplaneotherwise.Inthefirstcasex
andyareproportionalandCauchy-SchwarzinequalityIK−J

2
≥0becomesan

equality.Inthesecondcase,yisalwaysacomplexmultipleofxforthecomplex
structuredefinedbytheangularmomentum.Oneeasilydeducesfromthisthe
identityIK−J

2
=|C|

2
asacomplexSchwarzequality.

Morethantwobodies.ThepreviousequalitybecomesSundman’sinequality

IK−J
2
≥|C|

2
,

whichoneobtainsbyreplacingthenorm‖y‖ofthevelocitiesbythenormofits
orthogonalprojectiononthecomplexline(realplane)generatedbyx.

OncewrittenK≥J
2
/I+|C|

2
/I,Sundman’sinequalityisnicelyinterpretedin

termsofSaari’sdecompositionofthevelocities[28]:somelinearalgebrashowsthat
foreach(x,y),the“velocityconfiguration”yistheorthogonalsumofacomponent
yh,proportionaltox,whichinducesahomotheticvariationoftheconfiguration,
apurelyrotationalcomponentyr,i.e.suchthatthereexistsanantisymmetric
operatorΩontheeuclideanspaceIRksatisfyingforeachi,~̇ri=Ω~ri,anda
componentydwhichcorrespondstoadeformationofthenormalizedconfiguration
r−1

x=I−1
2x.Fromtheorthogonalityofthethreecomponentsonededuces

thatK=||y||
2

=||yh||
2

+||yr||
2

+||yd||
2
.Computingx·y=x·yh,onesees

thatyh=I−1
Jx,thatis||yh||

2
=I−1

J
2

=(ṙ)
2
.Finally,onechecksthatydis

orthogonaltothecomplexlinegeneratedbyx.SoSundman’sinequalityamounts
toboundingfrombelowtherotationcomponent||yr||

2
,inrealitythesquarednorm

ofitsprojectionontothiscomplexline,byI−1
|C|

2
,andignoringthedeformation

component||yd||
2
.

TheequalityIK−J
2

=|C|
2

holdsatagivenmomentifandonlyif([2]lemma
3.1)
–ontheonehandyd=0andyrbelongstothecomplexlinegeneratedbyx,
–ontheotherhand||IC(x)||=||x||,thatisifthemotiontakesplaceinaplane.
Theequalityholdsforeverytifandonlyifyisateachmomentacomplexmultiple
ofx(arealmultipleifC=0).Thisimplies(see[2])that

x(t)=ζ(t)x0,whereζ(t)∈C,ζ̈(t)=−U

(x0

|x0|

)ζ

|ζ|3,

whichmeansthat,insuchmotions,thebodiesdescribearoundtheircenterof
masssimilarkeplerianmotions.

Centralconfigurations.ThecasesofequalityofSundman’sinequalitydescribed
abovecanexistonlywithveryspecialconfigurations,thecentralconfigurations.
Thesearepreciselythecriticalpointsofthehomogeneousfunctionofdegreezero,
Ũ=

√
IU=rU(called“configurationmeasure”in[28])or,equivalently,thecriti-

calpointsoftherestrictionsofUtothespheresI=constant.Thecorresponding
motionsarecalledhomographicmotionswithcentralconfiguration.Theparticu-
larcasesofthecircularmotions,wheretheconfigurationremainsconstantupto



           

isometry,arecalledrelativeequilibria(forthespecialists,see[2]todiscoverthat
ifk≥4,aquasi-periodicrelativeequilibriummotioncanarisewithanon-central
configuration).Conversely,everycentralconfigurationadmitshomotheticmo-
tionsand,providedtheambientspacedimensionkiseven,periodichomographic
motionsforwhichtheconfigurationremainsconstantuptosimilarity(thatis
compositionofhomothetyandisometry)[2].

Thedeterminationofthesimilarityclassesofcentralconfigurationsisamajor
problemwhichpertainstoalgebraicgeometry.Theonlycasescompletelyunder-
stoodarethefollowing:

(i)thecollinearcase(k=1):foreachsetofn(positive)masses,Moulton’stheorem
assertstheexistenceofexactlyonecentralconfigurationuptohomothetyfora
givenorderofthebodies.Thisgivesn!/2differentconfigurationsuptosimilarity;

(ii)thecaseofthreebodies:totheMoulton’scollinearconfigurations,duetoEuler
inthiscase,onemustaddtheLagrangeequilateralconfiguration;

(iii)thecaseoffourbodiesofequalmasses:Albouy’stheoremsaysthat,excepting
theMoulton’scollinearconfigurationsandtheregulartetrahedron,onehasonly
threemoreplanarconfigurations,namelythesquare,theequilateraltrianglewith
amassatthecenterofmassandaparticularisoscelestrianglewithamassonthe
axisofsymmetryalittleabovethecenterofmass.

Forgeneralnandk,noteventhefinitenessofthenumberofsimilarityclassesof
centralconfigurationsisknown.

Homographicmotionswithcentralconfigurationarethesimplestperiodicmotions
ofthen-bodyproblemandtheonlyexplicitones(ifoneforgetsthatthepossible
configurationsareunknownfornbiggerthan3).Theycanbedefinedbymimizing
IK−J

2
−|C|

2
.Amongthem,onlythosewhoseconfigurationsminimizeŨwillbe

metagaininthesequel.

2.Minimizingtheaction

LetTbeapositiverealnumberandΛT=H
1
(IR/TZZ,X)betheSobolevspace

ofthosemappings(“loops”)whichare,togetherwiththeirfirstderivativeinthe
senseofdistributions,squareintegrable.Wecall

AT:ΛT→R∪{∞},AT(x)=

∫T

0

L
(
x(t),ẋ(t)

)
dt,

theactionfunctionalorsimplytheaction.Itiswellknownthat,asforany
hamiltoniansystem,T-periodicorbitsofthen-bodyproblemarecriticalpointsof
theactionfunctional.Forsuchapositivefunctional,thecriticalpointseasiestto
findarecertainlytheabsoluteminimizers–whicharethesubjectofthispaper–
butthreeobstacleslayontheway:

A)non-coercivity.MinimizingAToverthefullfunctionalspaceH
1
(IR/TZZ,X)

isnotveryrewardingasonereadilychecksthattheminimumisattained“at
infinity”byconfigurationswithallbodiesinfinitelyseparatedandmovinginfinitely
slowlyoninfinitelysmallclosedcurves.Theminimumvalueisofcoursezero.

B)collisions.DuetoSundman’sestimates

U=O(|t−t0|−2
3)andK=O(|t−t0|−2

3)



          

intheneighborhoodofacollisiontimet0(see[10]),theactionofasegmentof
solutionleadingtoacollisionremainsfinite.So,acriticalpointofATmayinclude
suchsegmentsandevenaninfinitenumberofthem,thoughthesetofcollision
timesmusthavemeasurezero.

C)triviality.Onehastofindconditionsunderwhichanabsoluteminimumcan-
notbeahomographicperiodicsolution(weshallconsiderthattheseare“known”
eveniftheiractualdeterminationisaveryhardopenproblem).

A)Coercivity.TheactionfunctionaliscalledcoerciveifitgoestoinfinityasI
goestoinfinity.Coercivitypreventsanabsoluteminimizerfrombeinga“critical
pointatinfinity”.

Therearetwonaturalwaysofrestrictingthefunctionalspacesoastomakethe
actionfunctionalcoercive:

i)Topologicalconstraints.Thesecanbehomologicalorhomotopical,thetwo
notionsbeingthesameinthecaseoftwobodies.

ii)symmetryconstraints.Weshallseethat,uptonow,theseappeartobemuch
moretractablethanthethetopologicalonesasfarasproofsareconcerned.

Inbothcases,thetrickistoimposeconditionsontheloopssuchthatifatany
giventimetheconfigurationisbig,thentheloopitself,andconsequentlythe
action,mustbebig.

A-i1)Topologicalconstraints:homology.Thebestknownexampleandthe
onewhich,intheNewtoniancase,isthemotherofalltopologicalones,isGordon’s
theorem[19]ontheplanarKeplerproblem,equivalenttothecasen=2,k=2.It
assertsthatamongallplanarloopswhichencircletheattractingcenter(i.e.which
arehomologicallynontrivial),theoneswhichminimizetheactionareexactly
theKeplerianmotionswiththegivenperiod,includingthe“ejection-collision”
ones.Moreover,iftheindexoftheloopisfixedtoavaluedifferentfrom−1,0,1,
theminimizersareexclusivelytheejection-collisionKeplermotions.Themain
observationistheconvexityoftheactionfunctionalfortheKeplerproblem(itis

proportionaltoT
1
3):

AT<AT1+AT−T1.

ButasearlyasNovember30th1896,HenriPoincaré[27]hadalreadyforeseenpart
ofthestorydescribedhereafter,evenifhedidn’tprovehimselfanythingconcerning
Newton’spotentialbecauseoftheproblemofcollisions(Poincarédidn’tknowof
courseSundman’swork,whichisposterior,buthecertainlycouldcomputethe
actioninthetwo-bodycaseanddiscoveritstayedfinitealongacollisionsolution;
weshallseeintheparagraphoncollisionshowheeliminatedthisproblemby
changingthepotential).WhatPoincaréproposedforthethree-bodyproblemin
theplane,wastominimizetheactiononaspaceofloopsrepresentingafixed
1-dimensionalhomologyclassintheconfigurationspace.Forthreebodiesinthe
plane,theconfigurationspaceX̂isdiffeomorphictoIR

4
\3collisionplanesand

itsfirsthomologygroupisisomorphictoZZ
3
,thethreecomponentsbeingthe

algebraicnumberofturnsthateachsideofthetriangledefinedbythebodies
undergoesalongtheloop(see[23]).Inreality,Poincaréwasinterestedonlyin
periodicorbitsmodulorotation,thatisinarotatingframe,butthisisimmaterial
forus,itonlychangesZZ

3
toZZ

3
/(1,1,1)ZZ∼=ZZ

2
.Indeed,thequotientofthe

configurationspacebytheSO(2)symmetryisrealizedbytheHopfmapIR
4
→IR

3



         

andthereducedconfigurationspaceisdiffeomorphictoIR
3
\3half-linesandhence

homotopictoa2-sphereminus3points(see[13]andreferencestherein).One
checksreadily,forexample,thatcoercivityisinsuredassoonasthehomology
class(k1,k2,k3)∈ZZ

3
issuchthatatleasttwoofthekiaredifferentfrom0(in

hisnoteof3pages,Poincarédoesnotexplicitelyaddresstheproblemofcoercivity
buthewascertainlyawareofit).ThefirstresultsintheNewtoniancaseusing
thePoincaréstrategywereobtainedinJuly2000byAndreaVenturelli[35].We
describethembelow(Theorem1).

A-i2)Topologicalconstraints:homotopy.ItisstrangethatPoincarédid
notthinktoreplacethefirsthomologygroupH1(X̂)bythefirsthomotopygroup
π1(X̂)–thefundamentalgroup–thathehadjustdefinedtheyearbeforeinhis
famouspaperonAnalysissitus.Thehomotopyclassofaloopisamuchricher
invariant.Forexample,inthecaseofthreebodiesintheplane,itiscodedby
thebraidtypeofthe(colored)braiddefinedbythebodiesinspacetimeIR

2
×IR

(see[23]whereonefindsmoregenerallyacompletestudyofthecoerciveclassesin
thegeneralcaseofthen-bodyproblemintheplane).Theanalogousproblemfor
periodicgeodesicsonnegativelycurvedsurfaceswasstudiedquiteearlybutthe
firststudyofminimizationoftheactionoveragivenhomotopyclassforpotentials
includingNewton’s,wasdone–andonlynumerically–in1993byCrisMoore[25].
WeshallcomebackafterstatingTheorem5tohisveryinterestingpaperwhich,
bytheway,wascompletelyignoredbyspecialistsinCelestialMechanicstillJune
2000whenPhilHolmesmademeawareofitafterIshowedhimreference[13].
Thesameideaswereindependantlydevelopedtheoreticallyin1998byRichard
Montgomery[23](similarresultsbyLucaSbanoforn=3appearedatthesame
timein[29]),butonlyfor“strongforce”potentialswhichavoidcollisionproblems
(seebelow).

Intheseproceedings,RichardMontgomery[24]showswellthedifficultiesofmin-
imizingonagivenhomotopyclass:forexample,withthreebodies,theLagrange
(=equilateral)ejection-collisionorbitofthegivenperiodisadherenttoanyho-
motopyclass(putthetopologyinatinyball),sothatacollision-freeminimizer
inanyhomotopyclassmusthavestrictlysmalleractionthanthatofLagrange.

A-ii)Symmetryconstraints.Thefirstpaperstomakeuseofsymmetrycon-
straintstoforcecoercivityseemtohavebeen[18]inthecaseof2bodies(=Kepler
problem)and[15]inthegeneralcase.Inbothcases,onerestrictstheactionfunc-
tionaltothesubspaceΛa

TofΛTconsistingofloopsxwhichsatisfyforalltthe
condition

x(t+T/2)=−x(t).

Thisconditioniscalled,forobviousreasons,antisymmetrybyanalystsandsym-
metrybygeometers.Forthesakeofœcumenism,weshallcallit(anti)symmetry.
Itclearlyimpliescoercivity.NotethatamongKeplerianmotions,onlythecircular
onesare(anti)symmetric.

LetusrephrasethedefinitionofΛa
Tinthefollowingway:itisthesetofinvariant

elementsundertheactionaofthegroupZZ/2ZZonΛTdefinedby
(
a(1)·x

)
(t)=−x(t−T/2).

Moregenerally,letusconsideranorthogonal(i.e.byisometries)representationρ
ofafinite(orcompact)groupGintherealHilbertspaceΛT(withtheH

1
scalar



           

product),suchthat,foranyginG,

AT(ρ(g)·x)=AT(x).

ThisisthecaseherebecauseZZ/2ZZactsonRkbyisometry,thesymmetrywith
respecttotheorigin,andonthecircleR/TZZalsobyisometry,therotationby
angleπ.

Notation.WecallΛ
½
TthelinearsubspaceofΛTformedbytheelementswhich

areinvariantundertherepresentationρ.WecallA
½
TtherestrictionofATtoΛ

½
T.

Inthesequelweshallconsideronlyrepresentationsoftheform

ρ(g)·x(t)=α(g)·x(β(g)−1
·t),

whereαandβareisometricactionsofGrespectivelyonXandonthecircle:a
loopx(t)isinvariantunderρifandonlyifitisequivariantunderαandβ.
ThereareofcoursetrivialcasesinwhichA

½
Tisnotcoercive,forexampleifαor

βistrivial.Butinallthecasesweshallconsider,thecoercivitywillbeeasyto
prove.Moreover,thefollowinglemmaisaparticularinstanceofPalais’principle
ofsymmetriccriticality[26]:

Lemma.AnycriticalpointofA
½
TisacriticalpointofAT.

Proof.AfteridentificationofΛTwithitstangentspaceatanypointbytransla-
tion,wededucefromtheρ-invarianceofATthat,foranyg∈G,

dAT(ρ(g)·x)(X)=dA(x)(ρ(g)−1
·X).

IfxbelongstothevectorsubspaceΛ
½
Tofelementswhicharefixedbytheaction,

dA(x)(ρ(g)−1
·X)=dA(x)(X).

Asρ(g)preservestheH
1
-scalarproduct,theH

1
-gradient∇A(x)atanypoint

x∈Λ
½
Tsatisfies

(ρ(g)·∇A(x))·X=∇A(x)·(ρ(g)−1
·X)=∇A(x)·X.

Thismeansthat∇A(x)belongs(=istangent)toΛ
½
T,whichimpliesthatacritical

pointoftherestrictionA
½
TofAtoΛ

½
TisindeedacriticalpointofA.

Aswesaid,weshallbemainlyinterestedinglobalminimizersofΛ
½
T.Notethat,

oncewehavecoercivity,theweaklowersemi-continuityofthefunctionalimplies
inastandardwaytheexistenceofaminimizerinΛ

½
T.

Example:relativeequilibriummotions.Wesupposek=2.Letusconsider
the“standard”representationρstofthecircleG=S

1
inΛTdefinedby

ρst(θ)·x(t)=(Rµ·x)(t−
θ

2π
T),

whereRµ·xistherotationofthewholeconfigurationxbytheangleθ.A
criticalpointofA

½st
Tisarelativeequilibriummotionx(t)=R2πt

Tx(0).Notethat

Λ
½st
TisasubspaceofΛa

T.Weshallcomebacktothisinourfirsttheorem.Related



       

“standard”actionsareobtainedwhenreplacingthecirclebythesubgroupZZ/mZZ
ofm-throotsofunity.Suchactionswereusedin[5].

B)Collisions.Morethancoercivity,thisiscertainlythemaindifficultyofthe
variationalapproachtotheproblemoffindingperiodicorbitsfortheNewtoniann-
bodyproblem.Provingthatagivencriticalpoint,sayaminimumofATinawell
chosenfunctionalspace,isa“true”solutionwithoutcollision,requiresingeneral
muchwork.Thisexplainsthepopularityofthesocalled“strongforce”problem
wheretheNewtonianexponent−1inthepotentialisreplacedbyanexponent
−a≤−2forwhichanypathleadingtoacollisionhasinfiniteaction(see[12]).
Fewpeople–includingtheauthorbeforehewastoldsobyRobertMcKayinJuly
2000attheRioconference–knowthatitisHenriPoincaré(andnotGordon,for
example)whointroducedthisnotioninthenote[27]andprovedtherethatany
segmentofsolutionleadingtoacollisionhasinfiniteaction.

Provingdirectlythataminimizeriscollision-freeappearsoftentobeeasierunder
symmetryconstraintsthanundertopologicalconstraints.Hereisanexample

Asimpleexample:exclusionoftotalcollisionsinthe(anti)symmetric
case.Beforegivinganoverviewofknowncaseswheretheproblemofcollisions
couldbeovercome,weshowthesimplestreasoningbywhichcollisionscanbe
excluded(thefirstinstancesofthiskindofreasoningareagain[18]and[15]).
Namely,weshallshowthat,ifk=2,anyx∈Λa

TminimizingAa
Thasnototal

collision.Ifnot,wecansupposeaftertranslatingthetime,thatatotalcollision
occursatt=0.The(anti)symmetryassumptionimpliesthatatotalcollision
occursagainatt=T/2.

LetususeSundman’sinequalitytocomparethekineticenergyoftheejection-
collisionpathx|[0;T=2]totheoneofaKeplerproblemontheline:K≥(ṙ)

2
.We

cannotdobetterasSundman’stheoremimpliesthattheangularmomentumC
mustbezero(see[10]).

LetU0=U0(m1,...,mn;k)betheminimalvalueofŨ.Forthreebodiesin
theplaneU0(m1,m2,m3;2)=3

√
3/√m1+m2+m3isthevalueofUonan

equilateraltriangleofunitsize.Forfourbodiesinspace,U0(m1,m2,m3,m4;3)=
6
√

6/√m1+m2+m3+m4isthevalueofUonaregulartetrahedronofunitsize.
Forfourbodiesofunitmassintheplane,U0(1,1,1,1;2)=4

√
2+2isthevalue

ofUonasquareofunitsize.OnehasbydefinitionU≥U0/r.

Finally,theLagrangianLmaybeboundedfrombelowbytheLagrangianofa
Keplerproblemontheline:

L≥
1

2
ṙ

2
+

U0

r
.

ThenGordon’stheoremimpliesthattheactionofx|[0;T=2]isgreaterorequal
totheKepleractionofanejection-collisionsolutionintimeT/2oftheKepler
problemonthelinewithpotentialU0.Movingtotheplaneandapplyingthe
convexityargument,weseethattheactionofthe(anti)symmetricloopxisstrictly
greaterthantheKepleractionofanyT-periodicsolutionoftheKeplerproblem,
inparticularofaT-periodiccircularsolution.Butthislastactionisthesameas
theoneofaT-periodicrelativeequilibriumsolutionofthen-bodyprobleminIR

2

withacentralconfigurationsuchthatŨ=U0(m1,...,mn;2).Assuchasolution
is(anti)symmetric,wehavefoundanelementx0ofΛa

Twithoutcollision,whose



         

actionisstrictlysmallerthantheactionofanyloopxinΛa
Twithatleastone

totalcollision.ThisendstheproofthataminimizerinΛa
Tcannothaveanytotal

collision.

Unfortunately,thisargumentcannotworkforpartialcollisionsbecauseifsucha
collisionoccursattimet=0,x(T/2)willonlybesymmetrictox(0)withrespect
totheorigin,notequaltoit.Itcannotworkeitherin3-spacefor4bodiesor
morebecausearelativeequilibriummotionwithŨ=U0simplydoesnotexistin
3-space(see[2]).

Wedescribenowafewknowncaseswheretheabsoluteminimizersoftheaction
functionalA

½
Tcanbeprovedtobecollision-freesolutionsoftheNewtoniann-body

problem.

3.Somecollision-freeminimizers

i)IshallstartwiththeonlyresultIknow–exceptingGordon’sone–which
useshomologicalconstraintswithNewton’spotential.Thisresultwasprovedby
AndreaVenturelliinJuly2000.ItisanexactgeneralizationofGordon’stheorem
tothecaseofthreebodiesintheplane,andapartialanswertotheexpectations
ofPoincaré.

Theorem1([35]).Letusfixanelement(k1,k2,k3)∈H1(X̂)=ZZ
3

inthefirst
homologygroupoftheconfigurationspaceofthethree-bodyprobleminIR

2
.If

(k1,k2,k3)=(1,1,1)or(k1,k2,k3)=(−1,−1,−1),theminimizersoftheaction
ATamongtheloopsinthishomologyclassareexactlytheLagrange(i.e.equilat-
eral)homographicsolutions.If(k1,k2,k3)6=(1,1,1),(−1,−1,−1)buteachkiis
differentfrom0,theminimizersoftheactionATamongtheloopsinthishomology
classareexactlytheLagrangehomotheticejection-collisionsolutions.

Theproof,whichworksonlyforthreebodies,isbasedonthepossibilityofwriting
theactionasasumofthree“two-body”actions:

AT(x)=
∑

(i;j)=(1;2);(2;3);(3;1)

mimj
∑mi

∫T

0

(
|~̇ri−~̇rj|

2

2
+

∑mi

|~ri−~rj|

)
dt.

ItisinterestingtonotethatprovingdirectlythataLagrangianhomographic
motionwithnon-zeroexcentricityisalocalminimumoftheactionseemsbyno
meanseasy.

ii)AlltheotherresultsthatIshalldescribeusesymmetryconstraints.Inthe
(anti)symmetricsetting,thefirstresultsasserted

1)theexistenceofaminimizer,
2)thefactthatthisminimizeriscollision-free.

Theydidnotaddresstheproblemoftrivialitybecausetheyconsideredmoregen-
eralpotentialsthanjusttheNewtonianone,inparticularnonhomogeneousand/or
nonSO(2)-symmetricpotentials.Theyappearedin[5]forthen-bodyproblem
intheplaneandin[30][31]forthecaseofthreebodiesinspace.Inthefirst
paper,collisionsareshowntobeabsentfromaminimizerbyaglobalestimate.
Onthecontrary,inthelastones,localperturbationargumentsareusedtoshow
thatthepresenceofacollision,doubleortriple,preventsaloopfrombeingalocal
minimizer.Theseresultsmadethefollowingtheoremnottoounexpected,evenif,
asweshallsee,itcontainedsomesurprise.



         

Theorem2([11]).Ifkiseven,orifn≤k,arelativeequilibriummotionwhose
configurationminimizesŨisaminimizerofAa

T.Ifmoreoverthesimilarityclasses
ofcentralconfigurationswhichminimizeŨareisolated,therearenoothermini-
mizers.

In[11],thesecondpartofthetheoremwasmistakenlystatedwithoutthehy-
pothesisthatsimilarityclassesofcentralconfigurationsbeisolated(Iamgrateful
toVittorioCotiZelatiwhodidnottrustthe“proof”giventhereofequalityin
Sundman’sinequality).Ishalldiscussthispointattheendoftheparagraph.The
conditionsonn,karenecessarytoinsuretheexistenceofsucharelativeequilib-
riummotion(seethecommentattheveryendofparagraph2).Theyhadalso
beenforgottenatfirstanditisaquestionofVittorioCotiZelati(thesame!)to
theauthorofthepresentpaperattheAussoismeetinginJune1998whichmade
thisapparent.Thequestionwasaboutthefirstcasewheretheconditionsarenot
satisfied,namelyn=4andk=3,anditwasinstrumentalinthediscoveryofthe
lessexpected

Theorem3[14].Forfourbodiesofequalmassesin3-space,anyminimizerof
Aa

Tisfreefromtotalcollisionbutitcannotbearelativeequilibriummotion.

Theabsenceoftotalcollisionisprovedbyalmostthesameargumentweusedin
theplane:anyloopwithatotalcollisionhasgreateractionthantheejection-
collisionloopoftheregulartetrahedron,whichinturnhasgreateractionthanthe
relativeequilibriummotionofthesquare.
Thenextcandidateisthusarelativemotionx(t)ofthethesquare,butawell
chosenverticaldeformation

x(t)7→x(t)+εcos
2πt

T

(
(0,0,1),(0,0,−1),(0,0,1),(0,0,−1)

)

showsthatsuchamotionisnotevenalocalminimum.Theabovedeformationis
invariantundertheactionofZZ/4ZZonR

3
(coordinatesa,b,c)generatedbythe

isometry
S(a,b,c)=(−b,a,−c).

ThisstronglysuggestsrestrictingtheactionATtothesubspaceΛhh
T(hhmeans

Hip-Hop)definedbytheloopswhichareinvariantunderthefollowingorthogonal
representationhhofZZ/2ZZ×ZZ/4ZZinΛT:

{
hh(1,0)·x(t)=−x(t−T/2)

hh(0,1)·x(t)=
(
S~r4(t),S~r1(t),S~r2(t),S~r3(t)

)
,

wherex=(~r1,~r2,~r3,~r4).TheactionATisinvariantunderhhbecauseallfour
massesareequal.Onecanthenprovethe

Theorem4[14].ForfourbodiesofequalmassesinIR
3
,anabsoluteminimizer

ofAhh
Tisacollision-freesolutionofLagrangeequations.Suchasolution,called

Hip-Hop,hesitatesperiodicallybetweentheshapeofatetrahedronandtheshape
ofasquare.

WhenprovingtheexistenceoftheHip-Hop,weweresurethatthisorbitwas
new,butIwasmadeawarebyIanStewartthatthefamilyofspatialequal-mass



             

symmetricperiodicorbitstowhichtheHip-Hopbelongswasfirstdiscoverednu-
mericallyin1983byIanDavies,AubreyTrumanandDavidWilliams[17].The
symmetryprincipleisveryclearlystatedinthisnicepaperwhichinspiredthe
abstractdevelopmentsofIanStewartin[34]fornon-singularpotentials.These
solutionswerealsorediscovered–stillnumerically–underthesuggestivenameof
“pelotes”byGeorgesHoynant[20].ArelatedpaperwaswrittenbyKenMeyer
andDieterSchmidtinaperturbativesituation[21].Nevertheless,noneofthese
papersusesthevariationalmethodandourexistenceproofseemstobethefirst
one.
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Ialreadysaidthatinthetopologicalsetting,athoroughstudyofthetopological
hypothesesimplyingthecoercivitypropertyforthen-bodyproblemintheplane
hadbeenmadebyRichardMontgomeryin[23].Therelatedcollisionproblemis
discussedbyRichardintheseproceedings[24].Hisstudywasanimportantstep
towardsthesurprisingtheoremwhichfollows.Notethatinspiteofitsorigin,itis
neverthelessbasedon(verystrong)symmetryconstraintsandnotontopological
ones.Todescribethisresult,itwillbeconvenienttolabelthebodies(0,1,...,n−1)
insteadof(1,2,...,n).

Wetaken=3andk=2andallthreemassesequalto1(planarthreebody
problemwithequalmasses).WeidentifyIRk=IR

2
withthecomplexplaneCI

anddenoteasusualcomplexconjugationbyz7→z.Forequalmasses,Lagrange’s
equilateralrelativeequilibriumsolutionhasthepeculiaritythatallthreebodies
followoneandthesamecircle.Ifwereplacethecirclebyaclosedcurvesym-
metricwithrespecttobothcoordinateaxes,thispropertyisaconsequenceofthe
invarianceofthecorrespondingloopunderasymmetryoftheLagrangianwhich
weproceedtodescribe.
LetusrecallthatthedihedralgroupDp,oforder2p,isthesymmetrygroupofa
regularp-gon.Itadmitsthefollowingpresentationbygeneratorsandrelations:

Dp=
〈
s,σ;s

p
=1,σ

2
=1,sσ=σs−1〉

.

Weshallcall“natural”therepresentationβ0ofDpbyisometriesofthecircle
S

1
T=IR/TZZdefinedby

β0(s)·t=t+T/p,β0(σ)·t=−t.

WedefinearepresentationL(forLagrange)inΛTofthedihedralgroupD6which
leavesinvariantLagrangerelativeequilibrium.AsalreadysaidinparagraphA-ii),



              

wedefineLbygivingrepresentationsαandβofD6asisometriesrespectivelyof
XandS

1
T.Weshalltakeβ=β0anddefineαby

α(s)·(x0,x1,x2)=(−x2,−x0,−x1),α(σ)·(x0,x1,x2)=(x0,x2,x1).

Thegenerators
2

ofthenormalsubroupZZ/3ZZactsbycircularpermutation:

α(s
2
)·(x0,x1,x2)=(x1,x2,x0).

NotethattheactiondefinedbyrestrictingαandβtoZZ/3ZZ,leavesATinvariant
onlybecauseallthreemassesareequal.Itisindeedaremarkableaction:the
invariantsinΛTareloopsoftheform:

x(t)=xq(t)=
(
q(t),q(t+T/3),q(t+2T/3)

)
.

Thismeansexactlythatthethreebodieschaseeachotheraroundaplanarloop
q∈Λ3;T,where

Λ3;T=
{
q∈H

1
(IR/TZZ),IR

2
),q(t)+q(t+T/3)+q(t+2T/3)=0

}
.

Moreover,itfollowsfromTheorem2thatLagrange’srelativeequilibriumisthe
onlyabsoluteminimumofALT.

ThesurpriseisthatwecandefineanotherverynaturalrepresentationE(forEight)
inΛTofthegroupD6.Westilltakeβ=β0butdefineαby

α(s)·(x0,x1,x2)=(−x2,−x0,−x1),α(σ)·(x0,x1,x2)=(−x0,−x2,−x1).

TheactionoftheZZ/3ZZpartisthesameandinvarianceunderithasthesame
interpretationasabove.Butifmoreoverx(t)isinvariantunderthefullrepre-
sentationEofD6,thecurveqissymmetricwithrespecttobothaxesandmust
satisfyq(0)=q(T/2)=0.Inparticular,itcannotbeacircle.

Theorem5[13].AnabsoluteminimizerofAEThasnocollision:itisazero
angularmomentumT-periodicsolutionoftheplanarthree-bodyproblemwith
equalmassesoftheform

x(t)=
(
q(t),q(t+T/3),q(t+2T/3)

)
,

whereqisan“eight-shaped”curvein∈Λ3;T,symmetricwithrespecttoboth
axes.
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Duringaperiod,everyEulerconfigurationisrealizedtwice,oncealongeachoftwo
fixedlines(figure2).“Eight”orbitsareinsomesensecomparabletotheLagrange
relativeequilibriumsolutions,butinthelattercasetheangularmomentum,in-
steadofbeingequaltozero,ismaximal.

Ofcourse,heretoowe(andnotonlywe)weresurethatthisorbitwasnew.But
ithadindeedbeenalreadydiscoverednumericallybyCrisMoorein1993,inthe
paper[25]thatIalreadyquotedinsectionA-i2).Thisisquiteremarkable,and
evenastonishing,becauseitfollowsfromthetheoremofRichardMontgomery[24]
alludedtoattheendofsectionA-i2thattheeightcannotbeanabsoluteminimizer
initshomotopy(=braid)class(thankyou,Richard,forhavingpointedoutthis
fact).Moreprecisely,theLagrangeejection-collisionsolutionofthesameperiod,
whichisadherenttoanyhomotopyclass,hassmalleractionthantheeight:it
followsfromthevaluesoftheactiongivenin([13]Appendix1)thattheactionof
theeightwithperiodT=2πisequalto12×2.0309938=24.3719256...whilethe
actionoftheLagrangeejection-collisionorbitwiththesameperiodisonlyequal
to2×5.39433×6

1=3
=19.60429...Thissituationshouldbecomparedtotheone

describedatthebeginningofsection(Ai1)fortheKeplerproblem:inthespaceof
loopswithanindexdifferentfrom-1,0or1,theminimizeristheejection-collision
Keplerorbit.

Nevertheless,ifoneimposestheZZ/3ZZsymmetry,then,inorderthatitbelongs
tothespaceofinvariantloops,theLagrangeejectioncollisionorbithastobe
repeated3times,eachtimewithperiodT/3andwithexchangeofthebodies.
Thecorrespondingactionis3×2×5.39433×2

1=3
=40.778579...whichisnow

greaterthantheactionoftheeight.Butuptonow,wehavenoproofofthe
existenceoftheeightasaminimumoftheactioninitshomotopyclassunderthe
ZZ/3ZZsymmetryconstraintonly,evenifthenumericalcomputationsofCarles
Simó([12],[33])indicatethatitshouldbetrue.

Moreprecisely,Simó’scomputationsindicatethat“the”eightorbitisprobably
uniqueandthat“its”shapeintheplaneisveryclosetotheoneofaquartic.
Simó[32]hasalsoshownnumericallythat“this”orbitisstable,thatiscompletely
ellipticwith(indefinite)torsion.Itcanbecontinuedfordifferentmasses(thethree
bodiesthenmovealongslightlydifferenteight-shapedcurves)andthedomainof
“stability”inthenormalizedmasstriangleisatinytriangularneighborhoodof
theequalmasspoint.ThisisalsoinsharpcontrastwiththeLagrangerelative
equilibriumsolutions,whichare“stable”onlywhenoneofthemassesismuch
biggerthanthetwoothers.Thataminimizingperiodicorbitmaybe“stable”is
notassurprisingasitappearsatfirstsight(see[4]).

Remark.ThedihedralgroupD6isisomorphictothedirectproductD3×ZZ2,
thatistothegroupformedbytheisometriesofthereducedconfigurationspace
X̂/SO(2)whichleavethepotentialinvariantinthecaseofequalmasses(seethe
endofA-i1));hence,incontrastwithLagrangerelativeequilibrium,theeight
possessesthefullsymmetryofthereducedconfigurationspace(thereisnota
directeightandaretrogradeonebecausechangingtheorientationamountsto
rotatingofπ).ThegroupD6canalsobewrittenasasemi-directproductof
ZZ/3ZZbyZZ/2ZZ×ZZ/2ZZ.ItsquotientbyZZ3isthesymmetrygroupofthe
planarcurveq.

Theorems4and5haveincommonthattheyrelyheavilyonsymmetryasumptions



        

onthemasses.Also,inboththeorems,theminimizersarenontrivial.Indeedthe
naturalcandidatestobeabsoluteminimizers–therelativeequilibriummotions
–areruledout:intheorem4becausetheregulartetrahedronwouldneedone
dimensionmoretobeallowedsuchamotion,intheorem5becausethecircledoes
notpossesstherightD6-symmetry.Nevertheless,theactualminimizershavemuch
todowithrelativeequilibriummotionsandcentralconfigurations.Inasense,
theydotheirbesttoachievethisimpossiblegoal:keepI(andinconsequenceU)
constant.Numericalcomputations–byJacquesLaskarfortheorem4andCarles
Simófortheorem5–showindeedthatIandUarenotfarfrombeingconstant
inthecorrespondingsolutions.Thisispertinentinviewofthefollowing

Saari’sconjecture:ifIisconstantalongasolutionofthen-bodyproblem,the
motionisrigid,i.e.allrijremainconstant(itisthenarelativeequilibrium,see
[2]prop.2.5).

Remarkontheorem2andSaari’sconjecture.Whatisreallyprovedin
[11]isthataminimizerx(t)ofAa

Tisauniformmotionalongaroundcircleinthe
metricspaceXofconfigurations.Thisimpliesimmediatelythat,ateachtime,x(t)
isacentralconfigurationbecauseẍ(t)and∇U(x(t))arebothproportionaltox(t)
(thisalsofollowsfromthefactthatŨ(x(t))isminimal).Hence,ifsimilarityclasses
ofcentralconfigurationsminimizingŨareisolated,themotionishomographic
andevenarelativeequilibriumbecauseofthe(anti)symmetry.Ifthisisnot
thecase,acounter-examplewouldexistassoonasanaffinestraightline(D)of
nonsimilarcentralconfigurationsminimizingŨwouldexistinX:itwouldbe
providedbyacircleofwellchosenradiusinthe(vector)planegeneratedby(D).
Thecorrespondingsolutionwouldlookquitestrange,eachbodyrunningaround
anellipsecenteredonthecenterofmass.And,asI=cste,itwouldbeatthe
sametimeacounter-exampletoSaari’sconjecture.

Otherresultsofinterest.Othercasesexistwheretheminimumhasnocollision:

1)In[16],V.CotiZelatishowstheexistenceof(anti)symmetricperiodicsolutions
fortheproblemofnsmallmassesinIRk,k≥2,revolvinginnear-circlesaround
amassivesun.Nocriticalpointhascollisionsbecauseoftheperturbativesetting.

2)In[3],G.Arioli,F.GazzolaandS.TerracinishowthattheretrogradeHill’s
orbitminimizestheactionfunctionalinanappropriatefunctionalspace.

3)Followingthemethodof[13],KuoChangChenfoundin[7]newperiodicso-
lutionsofthe4-bodyproblemintheplaneinthecaseofequalmasses.Ateach
instant,thebodiesformaparallelogram;twoofthemrotateinonedirectionona
curvewhichlookslikeanellipsewithcenteratthecenterofmassofthesystem,
whilethetwoothersrotateintheoppositedirectiononasimilarcurve,withthe
samecenter,orthogonaltothefirstone.HerethegroupisZZ/4ZZ×ZZ/2ZZwith
thenormalsubgroupZZ/2ZZ×{1}expressingthatthebodieslieontwocurves,
thequotientZZ/2ZZ×ZZ/2ZZdefiningthetwosymmetrieswhichexchangethese
two(oriented)curves.

Remark.IshouldstressthefactthatIwasinterestedexclusivelyhereinthe
Newtonianproblemandinactionminimizingperiodicorbits.Itwaspointedout
tomebyVittorioCotiZelatithatinmostofthepapersonthesubjectwhich
followedGordon’spaper,thepointwasnotsomuchtofindnewresultsonthen-



          

bodyproblemastogetresultswhichcouldsurviveaperturbationofthepotential.
Thesearenotdiscussedhere.

4.AbouttheproofsofTheorems2,4and5.

Theorems2,4and5allrelyonsymmetryconstraints.Wetryonlyheretogivethe
mainideasandtoputtheminperspective,referringtothepapers[11],[13],[14]for
completeproofs.
Intheorem2,the(anti)symmetryofx(t)impliesthatitsmeaniszero,which
impliesinturnthePoincaréinequality

∫T

0

Kdt≥
4π

2

T2

∫T

0

Idt,

withequalityifandonlyiftheFourierexpansionofx(t)containsnoharmonicbut
thefirstone.Thisimplies

A(x)≥
∫T

0

(2π
2

T2I+
U0
√

I

)
dt,

whereU0=U0(m1,...,mn;k).TakingI=I0,theminimumofthefunction
undertheintegralsign,leadstoacandidateforaminimizer,namelytherelative
equilibriummotionwithsize√I0andconfigurationcorrespondingtoU0.The
conditionsonn,kinsurethatsuchamotionsdoesexist.Theonlysubtletyisinthe
converseassertionthatanyminimizerisofthistype:oneshowsthatequalitymust
besatisfiedinSundman’sinequality,whichimpliesthatthemotionishomographic.
Being(anti)symmetric,itisarelativeequilibrium.

Intheorem4,theZZ/4ZZsymmetryandtheinvarianceunderrotationaround
theverticalaxisreducethesystemtoa3degreeoffreedomsystemwithSO(2)
symmetry(thepositionofonebodydeterminesthepositionoftheotherthree).
Toexcludethecollisionsweuseaverysimpledeformation:givenaloopwith
atleastonecollision,onecanasserttheexistenceofanotherloopwiththesame
actionwhichiscontainedinaverticalplanecontainingthezaxis.Asmallrota-
tionofthisplanearounditsintersectionwiththehorizontalplaneisthenshown
todecreasetheactionthankstoSundman’sestimatesintheneighborhoodofa
collision.SimilarstudiescanbepursuedwithZZ/3ZZreplacingZZ/4ZZandmore
generallywithZZ/nZZandnormorebodies.Thereducedproblemsoneobtains
arenaturalgeneralizationsofthespatialisoscelesproblemofthreebodies.

Intheorem5,aminimizercannotbearelativeequilibriummotion,simplybe-
causethiswouldimplythatthecurveqisacircleandthecircledoesnotpossess
therequiredD6symmetry.Ontheotherhand,criticalpointswithcollisionsdo
existinΛE

T.Onehasforexampletheejection-collisionhomotheticmotionofan
equilateraltrianglerepeatedsymmetricallyaftertimeT/2(“symmetric”homoth-
eticmotion),orthecollinear“Schubart’sorbit”modifiedinsuchawaythatthe
bodiesbeexchangedafterabinarycollision(theytraverseeachotherinsteadof
bouncing).ToshowthatanabsoluteminimizerofAEThasnocollision,weintro-
ducea“testcurve”q0∈Λ3;Tandshowthattheactionofthecorrespondingloop
xq0(t)∈ΛE

Tissmallerthantheactionofanyloopwithatleastonedoubleortriple



            

collision.Thetestcurve,whichhastheshapeofaneight,isuniquelydefinedup
toisometrybythefollowingconditions:alongthecorrespondingloopxq0(t),the
angularmomentumiszero,thesizeI0,thekineticenergyK0/2andthepotential
U0areconstant.Moreover,I0ischosensothattheactionbeminimalamong
similarloops.Thistestcurvehassuchalowactionthatintheevaluationofthe
actionofaloopwithcollision,onecanevenforgetonemass(theonenotpartic-
ipatinginthecollisionincaseofabinarycollision)andreducethecomputation
tothecaseoftwobodies.Intheoriginalproof,anumericalestimateofthelength
ofsomeimplicitelydefinedcurvewasneeded(andgracefullyprovidedbyCarles
SimóandJacquesLaskarwhoagreeduptoanimpressivenumberofdecimals).
ThankstorefinedestimatesontheactionofloopswithcollisionobtainedbyKuo
ChangChen[6],nonumericalestimateisnecessaryanymore.

5.Manybodies:choreographies.AttheChicagomeeting,Iventuredsaying
thattheorems4and5wereprobablythebeginningofastory,andindeedthey
were,evenif,aswesaw,thestoryreallybeganin1896.Awholenewworldof
periodicsolutionsofthen-bodyproblemwithequalmassesintheplaneorin
spaceisbeingdiscovered,atthemomentonlynumerically(see[12]and[33]).
Allthesesolutions,namedchoreographies,sharethepropertythatthenbodies
chaseeachotheraroundafixedcurve.Afterthe“eight”,asolutionwhere4
bodiessitona“supereight”withonemorelobewasfoundbyJosephGerver:
theconfigurationstayssymmetricwithrespecttotheorigin(parallelograms)and
theangularmomentumisdifferentfromzero.ThenCarlesSimófoundandis
stillfindingadlibitumsuchsolutionswithmoreandmoregeneralsupporting
planarcurves(inparticularcurveswithnosymmetry)whenthenumberofbodies
increases.HefindsthemaslocalminimizersofARn TwhereRnistherepresentation
inΛTofthecyclicgroupZZ/nZZwhichgeneralizestherepresentationofZZ/3ZZ
usedforthe“eight”:

Rn(1)·
(
x0(t),x1(t),...,xn−1(t)

)
=
(
x1(t−T/n),x2(t−T/n),...,x0(t−T/n)

)
.

Asforn=3,ΛRn
TisisomorphictothespaceΛn;Tofplanarcurvesdefinedby

Λn;T=
{
q∈H

1
(IR/TZZ),IR

2
),q(t)+q(t+T/n)+···+q(t+(n−1)T/n)=0

}
.

Tradingthisactionagainstanactionofanothercyclicgroup,onecouldfindso-
lutionswherethebodiesstayontwocurves(see[7],alreadydescribedattheend
ofparagraph3),threecurves...Symmetricsolutionssuchassupereights(chains)
withupton−1lobes,flowers,etc,canbeobtainedaslocalminimizersofA

½
T

whereρisarepresentationofacyclicordihedralextension(ZZ/nmZZorDnm)of
ZZ/nZZoraproductofsuchanextensionbyasubgroupofO(2)actingtrivially
onthecircle.
Forexample,the(direct)flowerwithathree-foldsymmetryandfourbodiesde-
pictedinFig.3cof[12]isafixedloopoftherepresentationofD12defined(compare
toparagraph3)byβ=β0and

α(s)·(x0,x1,x2,x3)=(e−2¼i=3
x3,e−2¼i=3

x0,e−2¼i=3
x1,e−2¼i=3

x2),

α(σ)·(x0,x1,x2,x3)=(x0,x3,x2,x1).



         

Gerver’s(direct)supereightwithfourbodiesdepictedinFig.3bof[12]isafixed
loopoftherepresentationofD4×ZZ2(differentfromD8!)definedby

β=β0,α(s)(x0,x1,x2,x3)=(x1,x2,x3,x0),

α(σ)(x0,x1,x2,x3)=(x0,x3,x2,x1),

fortheD4factor,

βtrivial,α(1)(x0,x1,x2,x3)=(−x2,−x3,−x0,−x1)

fortheZZ2factor.

Butonlythesolutionswhereanoddnumbernofbodieschaseeachotheraround
aZZ2×ZZ2-symmetric“eight”seemtobeobtainableasglobalminimizers:asin
thecasen=3,theyarefixedloopsoftherepresentationofD2ndefinedbyβ=β0

and

α(s)·(x0,x1,...,xn−1)=(−x(n+1)=2,−x(n+3)=2,...,−x0,−x1,...,−x(n−1)=2),

α(σ)·(x0,x1,...,xn−1)=(−x0,−xn−1,−xn−2,...,−x1)

whichisnotasymmetryoftherelativeequilibriumoftheregularn-gon.

Incontrast,theD4×ZZ2-symmetryofGerver’ssupereight(direct,resp.retro-
grade)andtheD12-symmetryofthe(retrograde,resp.direct)three-lobedflower
withfourbodiesarealsosharedbythe(direct,resp.retrograde)relativeequilib-
riummotionofthesquare.
Hencesuchchoreographiescanbeonlyarelativeminimizeroftheactionintheir
symmetryclass.Toprovetheirexistence,onemustintroducehomotopicalcon-
straints.

Forspatialsolutionsalso,onealreadyfindschoreographiesin[17](implicitly)and
in[20](explicitly):tuningappropriatelytheperiodofareducedperiodicsolution
andtheperiodofverticaloscillationsofthediagonalsproducesindeedsolutions
wherethefourbodiesstayonafixedspatialcurve.Thiswaslaterindependently
noticedbyseveralpeople,andinparticularbyCarlesSimóandSusannaTerracini.
Inthisway,apotentiallyinfinitenumberofspatialchoreographiesforfourbodies
wasfoundnumericallytoexist.

6.Conclusion:symmetryversustopology.

LetusstartwiththeNewtonianproblemofthreebodiesintheplane.Homological
constraintsdodetectLagrange’ssolutionwhoseclassis±(1,1,1)(Theorem1)
butfailtodetectthe“figureeight”solutionwhoseclassis(0,0,0).Numerically,
itwaspossibletodetectthissolutionasalocalminimizerusingahomotopical
constraint[25],orasaglobaloneusingahomotopicalconstraintcombinedwith
ZZ/3ZZsymmetry([12],[33]),buttomyknowledge,noexistenceproofisavailable
inthesecontexts.Indeed,theonlyexistenceproofistheoneofTheorem5,which
reliessolelyontheD6symmetryconstraint.Itiscertainlyaninterestingquestion
todecideiftheequalityofthethreemassesimpliesthatthereisacollision-
freeminimuminthehomotopyclassofthe“eight”whenimposingonlyZZ/3ZZ
symmetry,thatthisminimumisuniqueuptoisometryandthatitpossessesthe



       

D6-symmetryimposedinTheorem5.Formoregeneralchoreographies,symmetry
constraintsarenotenoughtodefinetheclassandmustbemixedwithhomotopy
constraints,whichmakespossibleproofsapriorimoredifficult.

Asanotherexample,inTheorem4,onemayconjecturethat,inthereducedspace,
aminimizerisa“brake”orbitbutwecanonlyprovethatsuchabrakeorbit
existsbyimposingthecorrespondingsymmetryonthespaceofpathsweconsider.
AlsotheZZ/4ZZsymmetrycouldbeautomaticforaminimizerinthespaceof
(anti)symmetricloops.

AbeautifultheoremofAlbouy[1]statesthataplanarcentralconfigurationof
fourequalmassesmusthavesomesymmetry.NumericalexperimentsbyRick
Moeckel[22]showthatsuchapropertyisnolongertrueforeightbodiesormore.
ButitcouldbetrueforcentralconfigurationswhichminimizeŨ.Onecouldthen
askmoregenerallyifperiodicsolutionsofthen-bodyproblemwithequalmasses
whichminimizetheactionina“reasonable”subspaceofΛTmustalwayshave
someextra-symmetry.
Thisiscertainlynottrueingeneral:examplesofchoreographiesfoundnumer-
icallybyCarlesSimó([12],figure4f)showthatonecannotexpectingeneral
thatsymmetryintheminimizersbeanautomaticconsequenceofsymmetryin
themasses,butmaybeonecouldexpectthatundertopologicalconstraintswith
“some”symmetry,theminimizersbe“moresymmetric”.Thestorygoeson...

Manythanksto
VittorioCotiZelatiandSusannaTerracinifornumerouscommentsonthehis-

toryofthesubject,
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PhilHolmes,RobertMcKayandIanStewartformakingmeawareofthekey
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newtoniende4corpsdemasseségalesdansIR

3
:orbites“hip-hop”,Celestial

Mechanics77(2000),139–152.
[15]V.CotiZelatiPeriodicsolutionsforN-bodytypeproblems,Ann.Inst.H.
Poincaré,Anal.NonLinéaire7n
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